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In this paper we give a sufficient condition for the zero solution of an n- 
dimensional differential-delay equation of the form i(t) = A(t) x(t - r(t, xt)) 
to be uniformly stable. A sufhcient condition for all solutions to go to zero is 
also stated. Although various theorems are known for characterizing stability 
and asymptotic stability in terms of “Liapunov” functions, it is, in general, 
very difficult to determine whether or not stability is present for a given system. 
The techniques of this paper enable one to deal with some specific nonautono- 
mous equations in higher dimensions. 
In this paper we give a sufficient condition for the zero solution of an 
n-dimensional differential-delay equation to be uniformly stable. A sufficient 
condition for all solutions to go to zero is also stated. 
Although various theorems are known for characterizing stability and 
asymptotic stability in terms of “Liapunov” functions, (see [4] and [6, 
Section ll]), it is in general very difficult to determine whether or not 
stability is present for a given system. Autonomous linear systems can some- 
times be dealt with by examining eigenvalues (though even this method is 
rather difficult in higher dimensions). See Bellman and Cooke [5]. The 
techniques of this paper enable one to deal with some specific nonautonomous 
equations in higher dimensions. See also [2, Corollary 3.31 where some quite 
special equations are handled by one-dimensional techniques, and [6] where 
Hale discusses equations of the form 
2 = A&) + A& - Y) 
(where A, and A, are constant matrices), where the nonlag part A&t) is 
able to dominate the part with a delay. Estimates of the latter kind do not 
depend on the size of r. We deal primarily with equations in which the A, does 
not even appear, let alone dominate the equation. One must deal directly 
with this delay term. This paper emphasizes stability rather than asymptotic 
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stability since this allows for a simpler account, and no new techniques would 
be introduced in handling in detail the cast of asymptotic stability. 
Consider the delav equation 
i(t) == J(f) s(t - r(f, X1)), (1) 
where /I(e) is a continuous 72 :f n matrix defined on [0, a) and r(*, l ) is a 
continuous function from [0, a) .% C” to [0, 41, where C(’ is the set of 
continuous functions # : [- 4, 0] 4 Ii” with supremum norm and q ,/I 0. 
It may be assumed that 4 = s~p~~a,~~~~(f, 9). It may also be assumed that 
4 3 Q, since if 4 < q, we redefine r(*, 0) as working on the restriction of 
C’4 functions to the interval [- q, 01. The function S, is defined as the restric- 
tion of X(O) to the interval [t ~ q, t] and shifted to the interval [- 4, 01, 
i.e., x~(s) = x(t + s) for s E [- 4, 01. A f unction y(o) is said to be a solution 
of (1) on [tu . tr) if y(o) is defined and continuous on [to - S, tl) and 
j(t) == ‘4(t) y(t - r(f, yJ) for t E (to , tJ. 
The function yt, is called the initial condition. From now on by “a solution 
of (1)” we will mean “a noncontinuable solution of(l).” 
DEFINITION 1.1. We say 0 is a uniformly stable solution of (1) when for 
every E > 0 there exists a 6(c) > 0 such that if y(o) is a solution of (1) with 
initial condition yt, , where IIyt, I/ < 6(c), then y(o) exists to +GO and 
j y(t)1 < E for t > t, . 
For m E R”, 1 M 1 is the Euclidean norm, and x c y is the inner product of x 
and y. 
We now state the main result. 
THEOREM 1.2. For the d.$erential-delay equation (l), assume d(t) has the 
following two properties : 
(a) There exists an ME (0, l/q] such that for all (t, x) E [0, a) x R”, 
1 -4(t) x 1 < nz j x I . 
(b) For all (t, x) E [0, W) x R” such that A(t) x * 0 we have 
(i) Zero is a uniformly stable solution of (I). 
Zf furthermore, (c) and (d) are satisfied: 
(c) There exists a continuous fun&m m(t) 2 0 with s” m(t) dt = 4) such 
that for all (t, x) E [0, ccl) x Rn we have 1 .4(t) x / 3 m(t) 1 x / . 
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(d) There exists an 01 > 0 such that for all (t, x) E [0, 00) x R” where 
A(t) x # 0 we haae 
A(t) x - 
IA(t +Mqrar’ 
Then 
(ii) All solutions of (1) go to zero exponentially as t--f +a. 
Remark. In proving Theorem 1.2( ) i we will show that if+ E @and T 2 0, 
then there exists a solution y(o) of (1) such yr = 4. Moreover, each such 
solution will exist to fco and 
I YP)l G II Yr II eJfq for t 3 T. 
Remark. We can add an o(l x I) term and still get exponential stability 
assuming (a)-(d). Th is results from standard techniques. See for example 
[3, Theorem 31 which allows for more general perturbations. 
Before proving Theorem 1.2 we consider an example. 
EXAMPLE 1.3. Consider the differential-delay equation 
w = (7 a;;; b(t) _ u(t) 1 x(t - 4), (2) 
where u(t), b(t) are continuous functions from [0, 00) -+ R1 and u(t) > 0. Let 
For any x E R2, 
and if x # 0, 
Let 
1 Ax I = v@(t) + b2(t)] 1 x I , 
A(t) x x 4) - o-zzz 
I A(t) * I lx I d[u2(t) + b2(a ’ 
M = ;zf l/b”(t) + b2(t)l and 
By Theorem 1.2(i) if 4 < v/M, zero is uniformly stable. Furthermore, if 
q < q/M, then there exists an OL > 0 such that 
44 x - 
IA(t)xI ofi’Mq+a’ 
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Assume also that 
Then by Theorem 1.2(ii) all solutions go to zero as t---f CC. 
In order to prove Theorem 1.2 we state three lemmas and a proposition. 
LEMMA 1.4. Let a and b be points in Rn. Zf j a - b ( < E j b j where 
O<~<l,thenaob>Oand 
,- 
L 0 J- > t’(1 - 3). 
lal lb1 
Proof. 
/ a - b I* < e2 / 6 jz 
2 aob>+jaj2+g(1 --~~)Ibj2>0 
6 b 
* jq”j2q> 
I a I* + (1 - c2) I b I2 
2lallbl 
LEMMA 1.5. Let a, b, c be points in R” with I a 1 = / b 1 = I c 1 = 1. Zf 
a 0 b > 0, u o c < 0 and 1 < (~2 0 b)2 + (a 0 c)~, then (b 0 c) < 0. 
Proof. Expand I(a o b) b + (a 0 c) c - a I2 > 0. 
LEMMA 1.6. Let f  : [tl , t,] 4 R1, where f  is continuous on [tl , t,] and f’ 
exists and is continuous on (t, , t2). Let further f (tl) <f (t2). Theu there exists a 
t, E (tI , t,) such that 
(9 f  ‘(to) > 0; 
(ii) f (t,) = maxi f  (s) : s E [tl , to]). 
Proof. Assume the lemma is false and define 
At) = sgF, f(s) for t E [tl , t,]. 
It then follows that g’(t) = 0 which is a contradiction. 
PROPOSITION 1.7. Consider the diSferential-delay equation (1) and assume 
there exists au M > 0 such thatfor all (t, x) E [0, co) x R”, / A(t) x 1 < M 1 x 1 . 
Zf z(m) is a solution of (1) on [t,, , t), then 
I z(t)1 < II x,, II eMctmtJ foY t E [t, , i). 
Furthermore, t = CO. 
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Proof. Compare 1 x(t)\ to the function e(t) = aeM(t-to), where 6 > 11 st, (1 .
Show that 4(t) = 8e”(t-to) - ] x(t)1 is always greater than zero for t > t, by 
assuming #(tl) = 0 for some t, and looking at 4(t) in some neighborhood oft, . 
(The proofs for Lemmas 1 A-l.6 and Proposition 1.7 can be found in 
[l, Section IV].) 
Proof of Theorem 1.2(i). Let 4 E C@ and T > 0. By a fundamental exist- 
ence theorem (see [2, p. 911) there exists a solution y(o) of (1) such that 
yT = 4. By Proposition 1.7, y(o) is a solution on [T, co) and if 4 4 0, then 
y(0) = 0. 
Let 
Assume p > 0. 
Claim 1.8: (y(t)\ < p for t > T + q. 
Suppose Claim 1.8 is false. Let t, = inf{t : ] y(t)1 > p}. Then 1 y(ts)l = p, 
t, > T + q, and 1 y(t)1 < p for t E [T - q, t,]. By the definition of t, and by 
Lemma 1.6, there exists a t, E (to, t, + q) such that (d/dt) 1 y(tr)i > 0 and 
1 y(t)1 < 1 y(Ql for t E [to, tJ. We may assume 1 y(tl)j > p. Let 
Then 
Nd = r(h - r(h , it,)). 
1 ds < Mq I r(tAl * 
By Lemma 1.4, 
Y(h) I(h) 
iom’o 
and Y(h) j(h) Iv(tl)l o 19(tl)l > 41 - Pm 





By Lemma 1.5, 
-WI) WI) or(t!<, 
’ -W1)L(h)I I Yk)l . 
Therefore, (d/d) 1 y(tl)l < 0. Th is is a contradiction, hence, Claim 1.8 is 
true. By Proposition 1.7, p < 11 yr 11 @Q. Therefore, 1 y(t)\ 6 /j yT 11 e”* for 
t > T and zero is a uniformly stable solution of (1). 
We will not prove Theorem 1.2(ii) here since the techniques are standard 
in stability theory and are quite involved. See for example the method in [2] 
for proving asymptotic stability once stability is proved. 
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